The Happer model, as the variation of Rabi-Breit model, describes the interactions between the total nuclear spin and the total electron spin-1 of the triplet dimer molecules of 87 Rb. One interesting physical consequence of the Happer model is its puzzling degeneracy. In this paper, under the periodic driven magnetic field on total electron spin, the topological properties of the Happer model are present. Specifically, we calculate the Chern number of the system, both for the non-degenerate and degenerate cases. We show that the Chern number is closely related to the total angular momentum of the system, instead of the electron spin. Furthermore, the perturbing spin-axis interaction term is also introduced for detecting the influence on the corresponding topological Chern number. At last, in momentum space, we compare the Happer model with the topological semimetal in the sense of topological numbers. In such model, a "magnetostatic shielding" -like phenomena occurs.
I. INTRODUCTION
Degeneracy is an important concept in quantum mechanics. Especially in condensed matter physics, degeneracy is closely connected to the symmetry and quantum phase transition. Usually, the level crossing between ground state and the first excited state leads to the quantum phase transition in quantum many-body system [1, 2] . In resent years, the research of symmetry protected topological phase, such as topological insulators and topological superconductors [3] [4] [5] , opens a new mind in connecting symmetries and topological phases as well as the degeneracy. For example, in topological insulators and semimetals [6, 7] , the Dirac equation is properly used in describing the physical consequences, which generates degenerate Dirac point (or Weyl point) connected with the magnetic monopole -a topological construction associated to the Chern number. The inner space is spinor space, which is expressed by spin-1 2 operators. Recently, the topological consequences of higher spin-k are also discussed [8] [9] [10] [11] , whose corresponding degeneracy is 2k + 1-fold, rather than the 2-fold degenerate Weyl point.
In this paper, inspired by the level crossing in topological insulators and semimetals, we employ the Happer model holding a puzzling degeneracy, and try to find some new physical consequences.
Let us first introduce the Happer model. In explaining the experiment of spin-relaxation resonance of the alkali-metal Rb vapors, Happer et al. [12] proposed the following Hamiltonian
where S is the spin-1 operator describing the triplet dimer of Rb 2 molecule, L is the nuclear spin-L, L 2 = L(L + 1), and a is a unit vector along the direction of the internuclear axis. The first term on the RHS of Eq. (1) means the Zeeman splitting, the second term means the electro-nuclear spin coupling, and the third term means the spin-axis interactions originating * yuliwei@mail.nankai.edu.cn from the collision of the Rb atoms with the coupling parameter y. This model can also be regarded as a variation of BreitRabi Hamiltonian [13] . The interesting physical consequence occurs at y = 0, where the Happer model holds a 2L + 1-fold degeneracy at x = 2 2L+1 . For example, the degeneracy is 3-fold for the nuclear spin L = 1, while 5-fold for the nuclear spin L = 2, see Fig. 1 .
Since it was proposed, the puzzling 2L + 1-fold degeneracy has attracted much attentions. Because there seems no obvious symmetry in describing this degeneracy. The main focus is on detecting whether there is symmetry hidden in the degenerate point, and some progress has been made [14] [15] [16] . In [14] , the authors proposed an approach of removing the degeneracy via the Yangian algebra, which can be regarded as an extension of the Lie algebras. In [15, 16] , the authors systematically analyzed the degeneracy point and showed that it was protected by the SU (2) group, but with the non-standard representation -the "deformed" raising operator raised the lowest quantum number by 2 instead of 1, hence different from the normal raising operator.
As was mentioned above, the symmetry protected topological phases have attracted increasing attentions due to their exotic properties and potential applications. The two crucial properties of such topological non-trivial phases are the edge states and non-zero topological numbers, such as the winding number (for odd dimension) and Chern number (for even dimension). Especially the topological number reflects the energy band properties in momentum space, where the Hamiltonians are usually Dirac-like equations for spin-1/2 or higher spin-k cases. The topological phase transition usually occurs in company with the closing of band gap, where the degeneracy appears.
In this paper, motivated by the idea in connecting topological numbers with degeneracy as well as the phase transition, we explore the topological properties of Happer model with 2L + 1-fold degeneracy. Specifically, we apply a periodic rotating magnetic field n(θ, ϕ) on the two-electron spin triplet S = 1, and calculate the corresponding Chern numbers for both nuclear spins L=1 and L=2. Firstly, we calculate the Chern number for non-degenerate levels by defining the Berry curvature [17] and integrating over the space. Due to the total angular momentum S + L conservation, the Chern number
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Fig. 1. Energy levels of the Happer model(y
Later we will label the energy levels by n from low to high at x > 2 2l+1
. on the level is proportional to the total angular momentum quantum number n · (S + L), instead of the electron spin operator n · S. We then obtain the Chern number for (2L+1)-fold degenerate levels at x = 2 2L+1 by defining the WilczekZee curvature [18] and making integration over the full space. (θ, ϕ) The Chern number is shown equal to the sum of the Chern numbers of the 2L+1 crossing levels. From the properties of Happer degeneracy, it can be further deduced that the Chern number at the degenerate point is always 1 in spite of the L values. After that, we add the spin-axis interaction term (see Eq. (1)) and explore its influence on the degeneracy and topological properties of the Happer model. At last, the Happer model in projected subspace is shown akin to the topological semimetal.
The paper is organized as follows. In Sec. II, we show the topological properties of the Happer model without spin-axis interaction. In Sec. III, we add spin-axis interaction in the system and detect its influence on the topological properties and degeneracy of the model. In Sec. IV, we make comparisons between the projected Happer model with the topological semimetal model. In the last section, we make conclusions and discussions.
II. TOPOLOGICAL NUMBER OF HAPPER MODEL WITHOUT SPIN-AXIS INTERACTION
By applying a rotating magnetic field on the spin S, the Happer model in Eq. (1) turns into the following form
where n B (θ, ϕ) = sin θ cos ϕ, sin θ sin ϕ, cos θ is the unit vector along the direction of magnetic field, and S and L are spin operators.
In this section, we suppose the spin-axis interaction term be y = 0. Then the Hamiltonian turns out to be
This Hamiltonian also exhibits a curious (2L + 1)-fold level-
, like the n B = (0, 0, 1) case in Fig. 1 . When the system includes spin-interaction(y = 0), the level crossing is converted to anti-crossing.
We see that the Hamiltonian contains three parameters, x, θ and ϕ. In this paper, the corresponding Berry curvature or Wilczek-Zee curvature are defined in (θ, ϕ)-space. While the tunneling parameter x leads to the change of Chern numbers on lower energy levels, exhibiting like an order parameter describing phase transitions around x = 2 2L+1 . Now we calculate the topological Chern number of Happer model, including both the non-degenerate and degenerate cases.
To start with, noting that the Hamiltonian processes a total angular momentum symmetry J n B , defined by the component of the total spin J = S + L along the magnetic field n B ,
It is easy to check that J n B and H commute. Hence each energy level corresponds to one (J 2 , J n B ) quantum number. Later we will show that the conserved total angular momentum sector J n B coincides well with the Chern number.
For the L = 1 case, the eigenenergies of Eq. (3) exhibit a three-fold degeneracy at the parameter value x = 2 2L+1 = 2 3 . In Fig. 3 , the states are numbered according to their energy levels from low to high at x → ∞ by n. When L = 1, there are totally 9 states. The eigenstates 1, 2, 6, 7, 8, 9 are non-degenerate states for all x, while the states 3, 4, 5 degenerate at x = 2 3 .
Non-degenerate states
Here for completeness, we first present the topological Chern numbers of the six non-degenerate levels. For , ϕ = ωt) and Chern number at x = . each non-degenerate eigenstate |ψ i (i=1, 2, 6, 7, 8, 9) , the Berry phase γ (i) and Chern number Ch (i) are defined as follows
where
represents the Berry curvature and connection of the evolving system under the periodic magnetic field n B (θ, ϕ). When these parameters change adiabatically, the non-degenerate states accumulate Berry phases along closed loops and Chern number over the 2D sphere (θ, ϕ). For instance, Fig. 2 shows the Berry phases along the loop (θ = 
Here recalling that we only apply the magnetic field on the subsystem electron triplet dimer S, however the physical result we obtain is similar to the case that the magnetic field applies on the total S + L system. For more detailed insights, let us first show the Happer model with x = y = 0 case, i.e. the precession of a spin S under the adiabatic periodic magnetic field n B ,
Correspondingly, the Berry phase for the eigenstate |k; θ, ϕ is
where Ω(C) represents the solid angle accumulated from the adiabatic evolving in spin space, and k represents the eigenenergy (or the measurement of spin along the direction of magnetic field) of the state, It is easy to check that the Chern number of the eigenstate |k; θ, ϕ is Table I shows the comparison between the two Hamiltonians. The Chern number of the systems governed by these Hamiltonians are precisely the conserved quantity, namely S n B and J n B respectively. This similarity is possibly due to the similarities of the kinetic behavior of the two systemsThe adiabatic limit guarantees that the directions S and J always lie along or against the varying direction of the magnetic field, see In analogy to the case of H = n B · S, the absolute value of Berry phase is the oriented solid angle spanned by the corresponding trajectory of J .
Degenerate states
The three energy levels n = 3, 4, 5 cross and form a 3-fold degeneracy at the value x = 2 3 , L = 1. Here we deal with these three energy levels. When x = 2 3 , the three states are non-degenerate and only accumulate Berry phases, similar to the previous subsection. The interesting phenomena occurs at the degenerate point x = 2/3. When the parameter x approaches the degenerate point x = 2 3 either from left or from right, the three states n = 3, 4, 5 become degenerate and the adiabatic connection and curvature both become 3 × 3 matrices, which are described by Wilczek-Zee SU (3) gauge field, a generalization of Berry U (1) gauge field. Generally, for an N-fold degenerate subspace, the matrix element A mn of Wilczek-Zee connection A(θ, ϕ) is defined by
where the labels m, n represent different eigenstates in the degenerate space. The corresponding Wilczek-Zee curvature is expressed as
Correspondingly, the Wilczek-Zee geometrical phase γ is the integral of the Wilczek-Zee potential along the closed loop = (θ(t), ϕ(t)),
By integrating the Wilczek-Zee curvature over the full space, one obtains the Chern number formula of the system
The trace T r ensures that the Chern number is SU (3) gauge invariant.
After numerical calculations, we find that for degenerate states n = 3, 4, 5 the Chern number Ch deg at the degenerate point x = 2 3 is exactly the sum of the Chern numbers of these states at non-degenerate x values, i.e.
Ch n x = 2 3 = 2 + 0 − 1 = 1.
(15) If we project the Hamiltonian in Eq. 3 into the subspace spanned by the three states |ψ n (x, θ, ϕ) for energy level n = 3, 4, 5, (16) then we can define the Chern number of the system H via the lowest energy band. When x < 2/3, the Chern number of the lowest energy band is 2. While for x > 2 3 , the Chern number of the lowest energy band is 0. Hence, the level crossing point x = 2 3 can be regarded as the so called "phase transition" point in this sense. Detailed discussions about this will be present in Sec. IV.
Similar to the L = 1 case for three-fold degeneracy at x = Here we focus on the ten energy levels without level crossing. The Hamiltonian is parametrized by the direction of the magnetic field, namely θ and φ in n B . When these parameters change adiabatically, non-degenerate states will accumulate Berry phases as well as Chern numbers. For instance, the Berry phases at x = 2 3 of the loop (θ = π 6 , ϕ = ωt) and the corresponding Chern numbers of the non-degenerate states are shown in Fig.6 .
Numerical calculations show that the Chern numbers of these states are the opposite numbers of the J n B of the corresponding states, see Fig. 7 ,
Similar to the L = 1 case, the Chern numbers in L = 2 system are also connected to the conserved quantity J n B . Indeed, The dynamics of J in L = 2 system is also similar to the Hamiltonian H = n B (t) · S, the concrete average values of S, L and J are shown in Fig. 8 . We can easily find that the absolute value of Berry phase is the oriented solid angle spanned by the trajectory of S or J .
The states n = 5, 6, 7, 8, 9 forms five-fold degeneracy at x = 2 5 . Here we discuss the topological behavior of the five states for both x = 
where γ deg is the Wilzeck-Zee phase of the states of n = 5, 6, 7, 8, 9 at degenerate point calculated by Eq.13 and γ n is the Berry phase of the single state at non-degenerate point. Ch n x = 2 5 = 3−2−1−0+1 = 1.
(19) An interesting observation is that for L = 1 and L = 2 cases, both of the Chern numbers at the degenerate point x =
2L+1
are Ch deg = 1. Indeed, from the calculations of eigenstates for general L, we deduce that the Chern number at the degenerate point x = 2 2L+1 is always Ch deg = 1, i.e. independent of the concrete value of L.
III. REMOVING DEGENERACY UNDER PERTURBATIONS OF THE SPIN-AXIS INTERACTION
The topological properties of Happer model without spinaxis interactions have been discussed in previous sections. In this section, by numerical calculations, we present the effect of spin-axis interactions on Happer model in Eq. (2), i.e. y = 0,
whereâ is a unit vector along the direction of the internuclear axis. The existence of spin-axis interaction removes the degeneracy and converts the level crossings into anti-crossings, see Fig. 9 and Fig. 12 . when y = 0, the component of the total angular momentumn B · J on the direction of magnetic field is no longer conserved for a generalâ. The conservation ofn B · J only occurs in the case that the direction of magnetic field lies (anti)parallel to the internuclear axis, namelŷ n B = ±â, which can be easily checked by the commuting relation, Fig. 9 . When y=0, the Hamiltonian has a 2L + 1 fold degeneracy. When y = 0, the crossing turns into the anti-crossing.
Without loss of generality, here we mainly focus on L = 1.
In the case of L = 1 with the spin-axis interaction for n B = ±â, numerical calculations show that the three-fold degeneracy at x = 2 3 is removed, and the three levels turn to be the anti-crossing, see Fig. 9 . Now let us discuss the Chern numbers of all the energy levels.
In our previous calculation for H(y = 0), Chern numbers of non-degenerate states are equal to the opposite numbers of n B · J on the corresponding states. However for the anticrossing case,n B · J is no longer conserved, the energy gaps are opened and each energy level hosts different Chern numbers with varying parameter x.
When the perturbation y is of the order 0.001, numerical calculations show that the motions of the S and L are similar to that of y = 0, only the indexes of energy levels changed. Chern numbers of the states of n = 3, 5 jump at the point of x = 2 3 , see Fig.10 . When y becomes more prominent, for example near the order of 0.1, the movements of S and L become distorted because of the spin-axis interaction. The degenerate states cross at three different x's, forming a triangle, instead of at the same point like the y = 0.001 case. This triangle turns into the anti-crossing with many bumps when it meets the condition in Eq. (21), see Fig.11 .
Suppose we slowly vary the direction of the axis with nonzero y, from linearly dependent to independent to the direction of the magnetic field. From the start, for y = 0, the degenerate energy levels (at y = 0) will intersect at three different points, forming a triangle. Chern number of these energy levels are changed at each crossing. Later, each crossing of the triangle will turn into anti-crossing. Chern number of these energy levels change around these anti crossings, see Fig.11 .
Near the anti-crossing point x = 2 3 , the energy gaps are small, hence the Landau-Zener effect [19, 20] is evident, namely the state of one energy level can transit to other energy levels with a high probability.
Similar analysis can be applied to the L = 2 case. In Fig.13 , numerical calcualtions show that the Chern numbers of the states of n = 5, 6, 8, 9 change near the point x = 2 5 with the spin-axis perturbation y of the order 0.001. The transition of Chern numbers can also be explained by the Landau-Zener transition effect.
For the dynamical properties of S and L, when the perturbation is small, the motions of the S and L are similar to that of y = 0, only the indexes of energy levels change. When y becomes more prominent, the movements become distorted. 
IV. COMPARISON WITH THE TOPOLOGICAL SEMIMETAL MODEL
In the simplest topological semimetal model, the Hamiltonian near the degenerate point in momentum space takes the following linear formula,
where k = (k x , k y , k z ) represents the momentum vector, and σ = (σ x , σ y , σ z ) are Pauli matrices. The k x = k y = k z = 0 point is the so called Weyl point, where the Hamiltonian hosts a double degeneracy. The degeneracy is topological stable and protected by the topological Chern number. Mathematically, the double degeneracy can also be extended to the higher 2n + 1-fold degeneracy: One only needs to change the Pauli matrices for spin-1 2 to the higher spin-n operators. For example [11] , for H sm = k· F, where F is spin-1 operator, the corresponding "Weyl point" k x = k y = k z = 0 should hold triple degeneracy. The topological Chern number is defined via the lowest band state of the system, and can be regarded as the "magnetic flux" over a surface. This is nothing but a magnetic monopole phenomena in 3d-momentum space, akin to the Gauss law for the electrons. Indeed, each band of the Hamiltonian H sm holds a Chern number proportional to the k-direction spin quantum number: −n, −n + 1...n − 1, n for spin-n. Summing Chern numbers over all the bands leads to a trivial total Chern number 0.
The Happer model can be compared with the topological semimetal model in the sense of topological numbers [21] . Taking L = 1 as example. If we substitute the parameters n B /x in Eq. (3) by k = (k x , k y , k z ), then the transformed Hamiltonian reads H −→ H = k · S + S · L. Projecting the system into the subspace with triple degeneracy, as obtained in Eq. (16), we have
where |ψ 3,4,5 are the three eigenstates corresponding to the three crossing energy levels. After the projection, we can make better comparisons between H p and the topological semimetal H sm for spin-1. According to the previous calculation, for L = 1, the triple degeneracy of H p occurs at the configuration | k| =
, hence it is more like a "Weyl sphere" S 2 for degeneracy, rather than a "Weyl point" in usual topological semimetal H sm . Fig. 3 shows that x = 
, the lowest energy band Chern number is 2, while for
, the Chern number is 0. Hence the "Weyl sphere" in H p acts as the role of critical sphere describing the jump between Chern numbers in the lowest band.
Another point for comparison is the sum of Chern numbers over all bands. As was present above, for topological semimetal model, the sum of Chern numbers is always 0 for any spin-n operators F . Differently, for our model H p (L=1), the sum of Chern numbers is 1. Actually, for any extended H p for general L, the sum of Chern numbers over 2L + 1 bands is always 1. This can be checked from the exact solution of the Happer model [14] .
V. CONCLUSION AND DISCUSSION
In this paper, we investigate the topological properties of Happer model under the periodic magnetic field. In the twoatom system, the magnetic field only applies on the triplet spin-dimer S. In the simplest case for y = 0, the Chern numbers for both degenerate and non-degenerate cases are discussed. The Chern number is shown closely connected to the total angular momentum quantum number for each level, rather than the spin-dimer S. Under the perturbation of spinaxis interactions, the level crossing at x = 2 2L+1 turns out to be the anti-crossing, and the symmetryn B ·J is broken. In this case, for each separate energy level, the Chern number varies along the value of x. This can be explained by the LandauZener effect mainly occuring around the anti-crossing area.
On the other hand, based on the three-fold level crossing at x = to the "Weyl point" k x = k y = k z = 0 for triple degeneracy, our model H p holds a so called "Weyl sphere" S 2 for threefold degeneracy. More interestingly, the "Weyl sphere" S 2 is a critical sphere, where the Chern number jumps, i.e. the phase transition occurs. In electromagnetic language, there is magnetic source on the point k x = k y = k z = 0. For any sphere covering the zero point, when the sphere radius is smaller than 3 2 , the magnetic flux is 0; While for the sphere radius greater than 3 2 , the magnetic flux is proportional to the Chern number 2. This magnetic phenomena has an electronic analogue: Electrostatic shielding. Hence we can call it "magnetostatic shielding"-like phenomena in momentum space.
In summary, we show the interesting physical consequences of Happer model with the puzzling degeneracy. Especially, the comparison between the Happer model and the topological semimetal may help in constructing models with more enriching physical consequences.
Supplementary materials
Appendix A: Berry phase Consider a smooth and single-valued Hamiltonian H( λ) with the parameter of λ. The parameter λ evolves periodically with time, namely λ(T ) = λ(0), so does the state, represented by |ψ(t) ψ(t)|. But in most cases, the state vector |ψ(t) will accumulate an extra phase. The state vector at time T will be |ψ(T ) = e −iα ψ |ψ(0) .
The phase can be divided into two part: one is dynamic phase, arising from state's time evolution and another is geometrical phase from the variation of the eigenstate with the changing Hamiltonian. In the adiabatic approximation, when states remains an eigenstate of H( λ) at all time with same energy quantum number, the geometrical phase is called Berry phase. Solving the Schrödinger equation with |ψ(t) = c n (t) |n, λ(t) , where |n, λ(t) is the instantaneous energy eigenstate, can give the expression of Berry phase,
Define Berry connection as A n ( λ) = i n, λ ∇ n, λ and the Berry phase can be written as a integration along a loop in the parameter space,
The Berry connection A n and Berry phase γ n are gauge variant, while Berry curvature F n = ∇ × A n is gauge invariant.
Appendix B: Numerical Calculation of Chern Number and Geometrical Phase
To demonstrate the Numerical Calculation, we will use the non-abelian gauge theory, because the abelian gauge is simpler and can be deduced from non-abelian gauge theory with the reduction of the matrix to number. We will mesh the sphere surface of the parameter space first so that θ and ϕ will be discrete values in the region of [0, π] and [0, 2π]. All the expressions in the non-abelian gauge theory are expressed in the difference or summation form as follows. Berry connection one-form is
where we apply the orthogonalization and normalization of eigenstate vectors. We divide the matrix of Berry connection one-form into two parts A kl 1 (θ, ϕ) and A kl 2 (θ, ϕ) so that Berry curvature two-form can be expressed as
Chern number and geometrical phase are
To mesh the sphere surface into average area, θ is divided evenly and ϕ is divided into different sizes, which is coarse when θ → 0 or π and fine when θ → π 2 , shown in 14. There is a representative point defined as (θ, ϕ) at the left-up corner for each block. To calculate each Berry curvature F ΘΦ (θ, ϕ), we need the eigenstate vectors on the 4 corners of the block.
Once we calculate the Berry curvatures of all the discrete points in the parameter space, we can calculate the Chern number and Geometrical phase easily by summation. 
The degenerate energy is − 
where f ij represents non-zero elements. The equation can be solved as
These are the bases in the 3-dimension degenerate state space and they are smooth in the parameter space. After the orthogonalization and normalization, we can calculate the W-Z phase.
In the same way, we can calculate the degenerate states of L = 2 as well. They are 
These are the bases in the 5-dimension degenerate state space and they are smooth in the parameter space. After the orthogonalization and normalization, we can calculate the W-Z phase.
